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Abstract. Hara and Yoshida introduced a notion of a-tight clo- 
sure in 2003, and they proved that the test ideals given by this 
operation correspond to multiplier ideals. However, their opera- 
tion is not a true closure. The alternative operation introduced 
here is a true closure. Moreover, we define a joint Hilbert-Kunz 
multiplicity that can be used to test for membership in this closure. 
We study the connections between the Hara- Yoshida operation and 
the one introduced here, primarily from the point of view of test 
ideals. We also consider variants with positive real exponents. 



1. Introduction 

In |HYj . Hara and Yoshida introduced a notion of a-tight closure, 
which generalizes the "classical" tight closure of Hochster and Huneke 
introduced in [HHlJ. The main motivation for their work is the con- 
nection between the test ideals given by this operation and multiplier 
ideals, which generalizes previous results of Hara (|H2J) and Smith 
QS2J). The advantage of this version of test ideal is that it allows them 
to study multiplier ideals for pairs, not only the multiplier ideal of a 
variety. 

However, the Hara- Yoshida a-tight closure is not a true closure op- 
eration, since it gets (potentially) larger when iterated. The version 
introduced in this paper is a true closure, and it is always contained in 
the Hara- Yoshida a-tight closure. We establish several other connec- 
tions between these operations. We prove that for a Gorenstein graded 
algebra of dimension at least 2, the test ideals given by these two oper- 
ations are the same (Theorem 14.31) . The Hara- Yoshida a-tight closure 
of an ideal / is denoted 7* a , while the new version introduced here will 
be denoted a I*. 
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We define a joint Hilbert-Kunz multiplicity associated to two m- 
primary ideals a and /, and we prove that this multiplicity can be used 
to test for membership in our version of a-tight closure. This is similar 
to the way in which the Hilbert-Samuel multiplicity is used to test for 
membership in the integral closure, and the Hilbert-Kunz multiplicity 
is used to test for membership in tight closure. 

There are versions of both closures, as well as of the joint multiplicity, 
in which positive real numbers are allowed as exponents. For fixed 
ideals I and a, we study the question of how I* a and a I* vary with 
t. This question is related to the notion of jumping exponents (in 
characteristic zero), or F-thresholds (in positive characteristic). 

In this paper, R will denote a Noetherian ring of positive character- 
istic p > and Krull dimension d > 0, and q = p e will always denote 
a power of the characteristic. Most of the time, R will be assumed to 
be either local or graded. R° is the set of elements in R that are not 
in any minimal prime of R. If I C R is an ideal, i' 9 ' denotes the ideal 
generated by all i q , when i £ I. 

2. Definitions and elementary properties 

Definition 2.1. ( [H Yj ) Let o, / be ideals in R, and x £ R. We say that 
x £ I* a if there exists c £ R° such that ca q x q C j™ for all q = p e ^> 0. 

Definition 2.2. Let a, / be ideals in R, and x £ R. We say that x £ a I* 
if there exists c £ R° such that ca q x q C a q I^ for all q = p e ^> 0. 

In the case when a = R, both of the above definitions coincide 
with the definition of the usual tight closure of Hochster and Huneke 
QHH1]), which is denoted /*. Some elementary properties of these 
operations are summarized below. 

Observation 2.3. (1) For all a and I, we have I* C a I* C I* a . 

(2) If a = (/) is a principal ideal, then I* a = I* : f . In particular, 
(/*(/))*(/) /*(/) w hen (R,m) is local, I is m-primary, and 
f£xn\I. 

(3) If a = (f) is a principal ideal, and f is a non-zerodivisor on R, 
then a I* = I*. 

(4) For all a and I, a ( a /*)* = a J*. In other words, a I* is a true 
closure operation. 

Proof. (1), (2) and (3) are trivial. 

(4) Let x £ a ( a r)*. Then there exists c £ R° such that ca q x q C 
a q ( a I*) [q] for all q = p e . Also, there exists d £ R° such that c'a q ( a I*) [q] C 
a q I^. Combining these two inclusions, we get cc'a q x q C a q I^. □ 
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The notion of test element for tight closure was denned in [HHlJ, 
and it was proved that test elements (for tight closure) exist in very 
general classes of rings. 

Definition 2.4. An element c G R° is called a test element for tight 
closure if we have cx E I for every ideal / and every x G I*. 

Proposition 2.5. Assume that R has test elements for the usual tight 
closure. Then for any ideals a and I, with I of positive height, we have 

a r c 7. 

Proof. By the usual determinant trick, cx g a q C a q I^ implies cx q G 
J[i] C J? C * ; where n is the minimal number of generators of 

/. The last inclusion is by the tight closure version of the Briangon- 
Skoda theorem ( [HHlj . Theorem 5.4). Let d G R° be a test element, 
and / G J ra_1 n R° a fixed element. Then we have cdfx q G I q for all 
q = p e , which shows that x & I. □ 

Versions in which positive real numbers occur as exponents can be 
defined for both operations: 

Definition 2.6. Let a, I C R be ideals, and let t > be a real number. 
Let x G -R. For any real number r, |~r] denotes the smallest integer 
greater than or equal to r. 

(1) We say that x G /* a * if there exists c E R° such that cx q a^ C 
j' 9 ' for all q = p e . 

(2) We say that x G a *J* if there exists c e R° such that cx 9 a^^ C 
a falj-M for all q = p e . 

Each of these operations gives rise to a test ideal as follows: 

Definition 2.7. Let a C i? be an ideal, and let t > be a real number. 
We define 

r(a') := p|( J : ^ T « ■= D( J : aV )' 
where each intersection ranges over all the ideals J C R. 

Part (1) of the next observation was noted in [HTj . where it was 
used to prove Skoda's theorem for test ideals. Part (2) is an analogue 
for the new a -tight closure. 

Observation 2.8. Let a,IcR be ideals, and t > u(a) a real number, 
where z/(a) denotes the minimal number of generators of a . Then: 

(1) I* at = (J* " 1 ) : a. 

(2) at I* = (°' _1 (o/)*) : a. 
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Proof. (1) The proof of this statement can be found as part of the proof 
of Theorem 4.1 in [HTj . 

(2) Note that we have a r = a^a r ~ q for all r > v(a)q. We have 
x g at I* <=> cx q a^ C a^l/M <<=> c (aa;)Ma^-« C a^-^al)^ and the 
conclusion follows since \tq] — q — \(t — l)q\. □ 

We establish two connections between the two versions of o-tight 
closure. The first result, Proposition 12.91 shows that for elements of 
large enough degree in a graded ring, membership in one of these clo- 
sures is equivalent to membership in the other. The second result, 
Proposition 12.121 shows that, under certain assumptions, every element 
in the Hara-Yoshida a-tight closure must satisfy a stronger condition, 
which bridges the gap between the Hara-Yoshida definition and the one 
introduced in this paper. 

We establish the following notation, which will be in effect through- 
out this paper when graded rings are considered. 

Notation. If R is a finitely generated graded algebra over a field, 
R = ®n>oRm w e will denote R + := Q) n >oR n the unique maximal ho- 
mogeneous ideal of R. We will let y\ , . . . , y s be algebra generators for 
R, and let (3i, . . . , (3 S be their degrees. Set (3 = max(/3j), (3' = min(/3j). 
We say that R is standard graded if (3i = 1 for all i. 

Proposition 2.9. Let R be a finitely generated graded algebra over 
a field and let a C R be a homogeneous R + -primary ideal, so that 
R k Q ci C R l for some integers I < k. Let I = {f\, ■ ■ ■ , f n ) be a 
homogeneous ideal, and x G Rn with N > (3k — f3'l + max(deg(/j)). 
Then x G I* a x G a I*. 

Proof Assume that x G I* a and deg(x) > (3k — (3'1 + max(deg(/j)). 
For each homogeneous h G a g , we have deg(h) > (3'lq. We can write 
cx q h = T^ =1 aif q with c G R°, G R homogeneous elements, so that 
deg(aj) = deg(c) + gdeg(x) + deg(h) — qdeg(fi) > (3kq for each i. Thus, 
Oj G R>f3kq Q R k + Q ci 9 (the first inclusion follows because any element 
in R>j3k q can be written as a linear combination of monomials yl 1 ■ ■ ■ y\ s 
with i\(3\ + . . . + i s (3 s > (3kq, which implies that i% + . . . + i s > kq). □ 

Observation 2.10. If R is standard graded, so (3 = (3' , a = R r , and all 

the generators of I have the same degree, then we have a P = I* a C\R>N, 
where N denotes the common degree of the generators of I. 

Proof. Let x G a /*, so there exists c G R° (which can be assumed homo- 
geneous) such that cx q a q C a q I [q] . Taking de grees of both sides yields 
deg(c) + gdeg(x) + qr > qr + qN, so that deg(x) > N. This shows 
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that "I* C I* a n i?>jv- The other inclusion is contained in Proposi- 
tion □ 

This observation might suggest that a I* = I* a PI / for m-primary 
ideals /. This is in fact not true (however, a I* C I* a nl is always true), 
as seen in the following example. 

Example 2.11. Let R = k[x,y], I = (x 2 ,y 4 ), a = (x,y) 3 . Then 
we have I* a = I + (xy 2 ,y 3 ) = I : (x,y) 2 , I* a H 7 = / + (xy 2 ), and 
a I* = I + (xy 3 ) = I : (x,y). 

Proof. If i + j > 3q, we have i > q or j > 2g. In either case we have 
x l yix q y 2q G (x 2q ,y 4q ), and thus a;?/ 2 G J* a . Similarly, if % + j > 3q we 
have i > 2q or j > q; in either case, x l yiy 3q G (x 2q ,y 4q ), and thus 

G J* a . Also note (xy 2 ) 2 G J 2 , so xy 2 G /. However, y 3 ^ J (one can 
see this from the Newton polygon, for instance). 

To see that xy 2 ^ a /*, we prove the stronger fact that xy 2 ^ ( x >v) n I* 
for any n > 3. This will suffice to prove the last statement, since all 
the ideals under consideration are monomial. Assume the contrary, so 
that there exists c G R° such that cx l y^x q y 2q G (x,y) nq I^ for all i,j 
with i + j = nq, for some n. 

Choose-i = = (n-l)g+[-J. We obtain cx \^m y {n^) q +Vq/2\ y A q = 

ax 2q + by iq with a, 6 G (x,y) nq . This is clearly impossible since the 
degree of x^ 3q ^ 2 ^y^ n ~ 3 ^ q+ ^- q ^ 2 ^ is {n — l)g, and the degree of c is a con- 
stant. □ 

Proposition 2.12. Let (R, m) be an excellent normal domain such that 
its completion is a domain. Let I, a C R be ideals, and assume that 
a is not a principal ideal. Then there exists a Qo = p e ° and a c G R° 
such that for all x G I* a we have cx q a q C xn q ^ Qo I^ for all q > 0. 

Note that if a is m-primary, then we can replace m q ^° by a q ^° by 
choosing a possibly larger Q . 

Proof. First note that there is no loss of generality in assuming that / 
is ^-independent, i.e. / = (fx, . . . , f n ) with fi £ (fx, ■ ■ ■ , fi, ■ ■ ■ , fn)* for 
all i. That is because one can find a ^-independent Iq C I with Jq = J* 
(by omitting generators of / that are redundant up to tight closure), 
and it is easy to see that Jq = I* implies I™ = I* a . 

Let o = (ax, ■ ■ ■ ,a s ), with s > 2, and / = (fx, . . . , f n ). The *- 
independence assumption implies that there exists qi such that 

(fl .... //' f q ) : ft C m^l 

for all q and all i (cf. Proposition 2.4 in [Abj ) . 
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Since R is normal, we have a t (ajt) for any 1 < k ^ I < s, and 
we can choose q 2 3> such that a/ (a&, m 92 / 91 ). Also choose g 2 > s. 
In particular, ai (a^, m 92//91 )* and thus we can choose q such that 
{a q k M qq2/qi] ) ■ <4 Q ™ q/qo 

(using Proposition 2.4 in [Abj again). 
We have cx qq2 a qq2 C jfe**] f or a fixed c E R° and all g. Fix an element 
ai 1 • • ■ a*/ G a 992 and write cx qq2 a\ ■ ■ ■ a\° = hf qq2 + ... + b n f qq \ The 
choice of qi guarantees that %\. > q for some k. Choose an index I ^ k 
and consider the element a-f • • ■ a{ s e a 992 with jk = ik — q, ji = ii + q, 
and j T = z T for all other r = l,...,s. We have cx 992 ^ 1 ■ • • a? s s = 
b'lff 92 + • • • b' n f qq2 . Multiplying the first equation by a\ and the second 

equation by a q yields {b^ - b^) G (f qq \ .... f'f" /») : /f 2 C 

m [99a/«i] j an d therefore 6< G (a^, m [ " 2/9l] ) : a\ C m 9/9 °. This holds for 
alH = 1, . . . , n, and for any choice of the multi- index . . . , i s ). We 
get the desired conclusion by choosing Q = g 2 <?o- D 

3. Joint Hilbert-Kunz multiplicities 

The idea of associating a multiplicity to a pair or more ideals (the 
so-called mixed multiplicity) first appeared in [BtJ , and the notion was 
extensively studied by many other authors, including B. Tessier, D. 
Rees and I. Swanson. The idea of a multiplicity coming from length 
functions involving both ordinary and Frobenius powers can be found in 
work of Hanes (|HnJ). The joint Hilbert-Kunz multiplicity introduced 
here bares a resemblance to each of these previous multiplicities, but 
is different from them. 

Assume that (R, m) is local, let /, a C R be m-primary ideals, M a 
finitely generated i?-module, and t > a fixed real number. 

We study the function 

iM '= x (^POTf ) ' 

where q = p e . Note that a^l i s an ordinary power where the exponent 
is obtained by taking the least integer which is greater than or equal 
to tq, while jW is a Frobenius power. We will write £(q) for d.R{q). 

Theorem 3.1. Let R, I, a, M, t be as above, and let d be the Krull 
dimension of R. Then there is a c> such that 

£M(q) = cq d + 0(q d - 1 ). 

If M = R, we call c the mixed Hilbert-Kunz multiplicity of the pair 
(a*,/) and we denote it e^^(a*,J). 

The proof of the Theorem follows essentially the same steps as in 
Monsky's paper ( [Mo] ) . We will follow closely the outline of his paper. 
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Lemma 3.2. Assume that there is an h G R° such that hM = 0. Then 
there exists a > such that £m(q) — aq^ 1 . 

Proof. Let n be the number of generators of I. Then we have 1^ D J™ 9 . 
Also, g > [tg], so a 1 ^ D a r ' 1? , and it follows that 

/ M 

which is a Hilbert-Samuel function over the ring R/h, a ring of Krull 
dimension at most d — 1, and thus it is bounded by ag d_1 for some 
a > 0. □ 

Lemma 3.3. Let M, N be finitely generated R-modules such that M Pi = 
N Pi for every minimal prime pi of R. Then \£m{q) — £n(q)\ — 0(q d ~ l ). 

Proof. Let S = R \ IJPi- We have S~ X M S S^iV. Since S^Horn^M, iV) 
Hom 5 -i / j(S' _1 M, S^N), we have a homomorphism : M — > iV such 
that is bijective. Unlocalizing, we get an element h G 5 such that 
/i annihilates the cokernel C of 0. Consider the exact sequence 
M N C 

Lemma 13.21 gives 

M?)~M?) <£c(q) < aq d ~ l 

for some a > 0. Now repeat the argument with the roles of M, N 
reversed in order to get 

£wM)-£ N {q)<bq d - 1 
for some b > 0. □ 

Definition 3.4. Let M( e ) be M viewed as an i?-module via the Frobe- 
nius map F e : R — > R. Note that r e \ is an exact functor, and, if we 
assume that the residue field of R is perfect, we have 

M 



The following is the one essential ingredient we need in addition to 
Monsky's ideas: 

Observation 3.5. Let R, a,I,t be as above, e > a fixed integer. By 
prime avoidance, we can choose generators fx, . . . , f n of a that are in 
R°. Let f : = /i •••/„. Then: 

a. a^ pe l C (a^l)[p e l : p\ 

b. Assume that the residue field of R is perfect. Then \£mu\{q) — 
£ M {p e q)\<0{q d - 1 ). 
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Proof, a. The generators of a^ tqp ^ are of the form F = f® lpB+H ■ ■ ■ f% npe+in , 
where < z& < p e — 1 for all k, and 

(a x + . . . + a n )p e + i 1 + ... + i n = \tqp e ] > (\tq\ - l)p e , 

with all ak, ik € Z. It follows that ai + . . . + a n > \tq] — 1 — n + n/p e . 
Since a*; G Z for all fc, it must be that a\ + . . . + a n > \tq] — n 
and thus (a x + 1) + . . . + (a n + 1) > ftg] , and so yf"* 1 ■ • • f£~ in F = 

b. We have 

4/ (e) (g) - 4Kp e g) = A ^ (aW)M/[qp . ]M ) < 



^ a r*9l)b e ]/[gp e ]M / ^( a r*9l)b e ]/[?p e ]M + (fP e )M y 

The inequality above follows from part a. The second equality fol- 
lows from the general fact that for any m-primary ideal J C R, and 
any element p G R, we have 

A I '''''' : ' ! ] X< M 



JM J \(J,g)M / 

applied to J = (ar*?l)b e ]/[9P e ] and g = f pB . (Proof of the general fact: 
consider the short exact sequence 

M M ^ M 

° * JM : g * JM * JM + (g)M * 

where the first map is multiplication by p.) Lemma [3.21 now gives the 
desired conclusion, since 



A 



M 



(or*<?l)b e ]/[9P e ]M + {f'P e )M 



is a joint Hilbert-Kunz function over the d— 1 dimensional ring Rj (f p£ ). 

□ 

Lemma 3.6. Assume that the residue field of R is perfect. Let 

— ► M' — ► M — ► M" — ► 

be a short exact sequence of finitely generated R-modules. Then we 
have 

hi(q) = M?) + Zm»(0) + Oiq^ 1 ). 

Proof. Case 1: Assume that R is reduced. For each minimal prime 
Pi of R, Rp. is a field and it follows that M Pi = (M' © M") Pi . The 
conclusion follows from Lemma [3.31 
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Case 2: Let n denote the nilradical of R, and choose e such that 
nb e ] = o. Note that Mu\ is annihilated by n for every module M. We 
get a short exact sequence of R/n modules: 

— ► M[ e) — > M (e) — > Mj) — > 0, 

and now we can apply the result from case 1 in conjunction with 
Obs.BSl □ 



Lemma 3.7. Assume that R is a domain with perfect residue field. 
Then there exists c > such that 

£(q)=cq d + 0{q d - 1 ). 

Proof. It is known that the rank of Rm as an i?-module is p d . 
Apply Lemma I3~3l to the i?-modules Rn\ and R pd . We get 

for some a' > 0, and by Obs. 13.51 it follows that 

\£(pq)-p d £ R (q)\<aq d - 1 



for some a. Thus, we have 



t{pq) £(q) 



It follows that 



(pq) d q 



£(q'q) £(q) 



d 



p a q 



(q'q) d q' 



d 



< 



a 



p d q 1 



i > 



thus {£(q)/q d } is a Cauchy sequence. Let c := lim^oo £(q)/q d . If we 
keep q fixed and let q' — » oo, we get 



d - « 



- c| < 

for some a' and all g, and thus — cg d | < or in other words 

£(q) = cq d + 0{q d ' 1 ). □ 

Now we are ready to prove the general case of Theorem 13.11 

Proof. Since every finitely generated module M has a filtration (0) = 
M C Mi C . . . C M n = M with quotients M m /M; = R/Pi, with 
Pi prime ideals, the general case follows from Lemma 13.71 by repeated 
application of lemma 13.61 

In order to remove the assumption that the residue field is perfect, 
note that length is preserved by faithfully flat base change. Thus, we 
can pass to completion, so that R is a quotient of a formal power series 
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ring i^[[Xi, . . . , X n ]}, and we can replace R by R ®k F, where F is an 
algebraic closure of K. □ 

Lemma 3.8. Let a C R be an m-primary ideal andt > a real number. 
Then 

Proof. First note that there exists a sequence of rational numbers {k n / q n } 

k k + 1 

with denominators of the form q n = p £n such that — < t < — , 

and q n < q n +i, so that t = lim^oo q n /k n . For instance, take q n = p n , 
k n =[tp n \. 

q q 
For n fixed and q = p e ^> 0, we have k n — < \tq] < (k n + 1) — , and 



a k n q/q n J I * v I ^| 

so for all n we have 

e ( a )~^H. < hm A TT^T A? < e(o)- 



<i!g„) d ~~ g^oo ^a^l y /y ~ d\q n ) d 
and the desired result follows by taking the limit when n — > oo. □ 

Theorem 3.9. If a, I are fixed m-primary ideals, then eHK(o?,I) is a 
continuous function oft. 

Proof. Let £ < t' be positive real numbers. Then 

e HK {vt , /) - e HK (a\ I) = lim — i '-. 

q^oo q u 

Let / = (f\, . . . , f n ). Then we have a composition series 

a rf«l jM c a^'^/^+Zfa^ 1 C . . . C a^'^I^+iff, ff)d tq] C . . . C a r ' 9l / M 

For i = 1, . . . , n, let K t = a^/M + (/«, . . . , ftiW tq] ■ Then we have 



Note that we have a surjective map given by multiplication by 
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It is clear that C Ki : /?, so that the length of this term is 

bounded above by the length of a^/a^' q ^. Thus, 

\(R/a^)-\(R/a™) 



e HK {^ , I) ~ e HK {a\ I) <n lim 



q d 



= ne(a)(t' d -t d ) 

where the last equality is from Lemma 13.81 □ 

We now show how the joint Hilbert-Kunz multiplicity is related to 
tight closure, integral closure, and a-tight closure. The result pertain- 
ing to a-tight closure, Proposition 13.111 is an analog of testing tight 
closure via Hilbert-Kunz multiplicities (cf. [HHlj . Theorem 8.17), and 
testing for integral closure via Hilbert-Samuel multiplicities (cf. |NR| ) . 

Proposition 3.10. If I C J C I* and a C b C a, then e#.Rr(a*, /) = 
e^x(b*, J) for all t > 0. 

Proof. The hypothesis implies that there exists h G R°, such that 
hbW JM C a^/W (if b = b n ), for each 6< there exists K G R° 

such that hibf G a n for all n; b^ is generated by b % ^ ■ ■ -b % ™ with 
ii + . . . + i n = [tg] , and choosing h' = h x ■ ■ ■ h n we have ft/fe^ 1 • • ■ o^ n G 
a « ■ ■ ■ a*" = .) It follows that 

\ bltq]j[9] \ < A ( a {tq] I [q] ■ h \ _ ( R 



afal/M y - V afal/M y V (afWM, /t) 
which is a joint Hilbert-Kunz function over R/h, and thus bounded by 

o^- 1 ). □ 

Proposition 3.11. Assume that R has test elements for the usual tight 
closure. Let a, I, J be xn-primary ideals in R and let t > 0. Assume 
I C J. Then J C a 'j* and ore/?/ ife H K{^,I) = e^i^a', J). 

Proof. Assume that J C a '/*, so that ca^J" C a ^I [q] for some 
c G R°. Then 



a [tq]j[q] J ~ \y a \tq]j[q] J ^(c^M/M 

which is a mixed Hilbert-Kunz function over the d — 1 dimensional 
ring i?/c, and therefore it is bounded by 0(g d_1 ). This shows that 
e H K(a\I) = e H K^\ J). 

Conversely, assume that e#.R-(a*, /) = ^hk((^,J)- Fix an element 
x G J. We want to show x G I*. 

Fix g = P e °, and fix generators gi, . . . ,g m for o^ 90 ^. Let / denote 
the product of a minimal set of generators for a, chosen in R°. Note 
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that \tq q] < \tq }q, and thus we have a^ q C a^oal c (a^l)M : /<? 
(the last inclusion is Observation 13.51 (a.)). 
For each g if we have 

[ a ltqoq\j[qoq]^ a \tqoq\ x qoq^\ / ^ a r*9ogl/[<jog] ) g q x qoq ) \ f R 



d\qoq]j[qoq] I ~ y jj.No?! /[?o?] y y a Nog! /[go ?] 

^ # \ /( fl r*«)l/l«)],/^a^))M 



a r*flol M /[wff] : (fgiX q °) q J V (ar*9ol/[?o])[?] 
On the other hand, our assumption implies that 

/(jjNo?! jt?o?] ) jjr*?o?i x ?o?^\ / jjr*??oi j[??o] \ 

y aNo?l/[?o?] J — I (jNol/W y 

is bounded above by C(g d_1 ). Since go is fixed, Theorem 8.17 in [HHlJ 
implies fgiX qo C (a M J M )*. 

Since <7j ranges through the generators of cJ tqo \ we have /o^ 9o ^x 90 C 
( a r*?ol/[go])*_ g ut this is true for all q ; if we let c <E R° be & test element 
for R, we get 

for all g >> 0. Since f £ R°, this gives the desired conclusion. □ 

We end this section with some formulas relating the joint Hilbert- 
Kunz multiplicity to the usual Hilbert-Kunz multiplicity and Hilbert- 
Samuel multiplicity. 

Theorem 3.12. Assume that dim(i?) > 1. Let a, I C R be m-primary 
ideals. 

a. For all t > we have 

(1) e HK (a t ,I)<e HK (I) + £ -^-, 

where I denotes the *-spread of /, i.e the minimal number of generators 
of an ideal J minimal with respect to the condition J* D I. 

b. If we assume that R is excellent and analytically irreducible then 
there exists a t > such that the inequality in part a. is equality for 
all < t < t - 

c. 

e HK (a\I) e(o) 
hm - = -^-A 

t^oo t d d\ 

In particular, if I > 1 then the inequality in part a. is strict for t ^> 0. 

Proof. First note that we can replace I by any ideal J with J C 
I C J* without affecting the result. Thus, we may assume that 
I = (fi, . . . , ft), where fi, ■ ■ ■ , ft are *-independent, i.e. none of them 
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is in the tight closure of the ideal generated by the others. We can also 
choose all fi G R° by prime avoidance. 
We have a filtration 

fl M /[?] c (a™I [q \ fl) C . . . C (a^ JM, /f, . . . , C /W, 

and therefore we have 

(2) A (-4™ =St 1 A / 



Since the denominator in each term in the right hand sum contains 
a r*<?l ; the inequality follows by Lemma [3. 81 

The second statement follows from Theorem 3.5 (a) in [Vrj . 

In order to see the last statement, it is enough to restrict to integer 
exponents t. Note that the denominators appearing in the terms on 
the right hand side of Equation [2] contain (a* 9 , /',..., f^), and thus 

a (^L) < *o ' R 



a »lUJ - « V («*./?. ■■■./'-!) 
Consider z > 1. We have 

lim A ( . - * - q . ) /q d < e HK ((a\ f u . . . , f^)) 



(the last inequality follows by taking a filtration of Rj (a*, fi, ■ ■ ■ , fi-i) 
with quotients equal to i?/m; also see Lemma 4.2 in |WYj ) . As a 

R 



function of t, A — - — — r- is a Hilbert-Samuel function over 

\{a t ,fi,...,f i - 1 )J 

the ring R/(fi, . . . , fi), which has Krull dimension less than d, and 
therefore dividing by t d and taking the limit when t — > oo yields a 
limit equal to zero for each of the terms corresponding to % > 1 in 
Equation [2j 
Thus we have 

"f_L up ? = "75" las. {^i^J! )' tq 

( R \ ,.dd e(o) 



< A - 



On the other hand, we have a tg I^ C a tg , and thus eHic{tf,I) > 
t d e(a)/d\. This proves the equality in part c. 

□ 
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The following provides a concrete example where part b. in Theo- 
rem works with t = 1. 

Example 3.13. Assume (R, m) is a Cohen-Macaulay ring, and let 
a = I = (xi, . . . , Xd) be generated by a regular sequence. If < t < 1, 
then 

. , t d e(a) , , 

e HK (a\l) = +e(o) 

Proof. For this choice of a and /, each term in the sum on the right 
hand side of Equation [2] for < t < 1 is equal to \(R/(V tg '), and 
therefore 

R \ / R \ , / R 



□ 

4. Test ideals 

The main result of this section, Theorem 14.31 shows that the test ideal 
for the new version of a-tight closure coincides with the test ideal for 
the Hara-Yoshida a-tight closure for _R + -primary ideals a in a graded 
Gorenstein ring. 

Lemma 4.1. Let (R,va) be a local approximately Gorenstein ring of 
characteristic p > 0. Let {I t } be a sequence of m-primary irreducible 
ideals, such that for every k there exists t with m k C I t . 
Then r(a) = n t (I t : I* a ) and T a = n t (I t : %*). 

Proof. We'll prove the second statement (the proof for the first one is 
slightly easier). The inclusion T a C r\(I t : "I?) is clear by definition. 
Consider c G n(I t : a L*)- First we show that c( a I*) C J, where / is 
an arbitrary m-primary ideal. The assumption guarantees that there 
exists t such that I t Q J, and since I t is irreducible, we can write 
I — I t : K for some ideal K. Let x G a I*. Then there exists d G R° 
such that dx q a q C a q ll q] C a 9 (/J 9] : K^) C (o 9 /J 9] ) : i^. Thus, 
(fi^Mo 5 C a 9 / M , which shows that xiT C %*. We have cxiT C J t by 
the choice of c, and thus cx & I t : K = I . 

Now consider / an arbitrary ideal. We can write / = fl n (J + m n ), 
an intersection of m-primary ideals. Let x G a I*. We need to show 
that cx G /. Note that x G a (I + m n )* for all n, and therefore cx G 
/ + m n for all n since we have already proved this for m-primary ideals. 
Intersecting over all n yields the desired conclusion. □ 

Throughout the rest of this section, R will be assumed to be a Goren- 
stein positively graded algebra over a field of Krull dimension d and a- 
invariant a. We let xx, . . . , x^ be a system of parameters with deg(xj) = 
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a for all i, and I t := (x\, . . . , x d ). Let u denote a homogeneous socle 
generator for (xi, . . . , xj), i.e. u G (xi, . . . , x^) : -R + • • • , £<f)? an d 
let 5 := deg(w). Note that 5 = ad + a, since the a-invariant may be 
defined as the degree of 



u 



x x ...x d 



6^1(4 



Note that /] = I tq , and its socle is generated by (x\ ■ ■ ■Xd) tq ~ 1 u. We 
will use 5 t to denote the degree of the socle generator for I t . More 
precisely, 5 t = deg((xi • • ■ x ( i) t ~ 1 u) — (t — l)ad + 5. Note that we have 
S tg = qS t - (q - l)a. 

Fix the notation established before Proposition 12. 91 

Lemma 4.2. With notations as above, we have 

It ■ Q h + R>5t-(N-i)p- 
Moreover, if R is standard graded, then we have equality. 

Proof. We prove the claim by induction on N. For the case N — 1, 
I t : R + = (It, (xi ■ ■ ■ XdY^u) C I t + R> St by the definition of 5 t . 

To see that the other inclusion holds in the standard graded case, 
note that every homogeneous element not in I t must have a multiple 
in the socle of I t , and thus must have degree < 8 t . 

Assume the claim is true for N — 1. Note that It : R N = (It '■ 
R 1 ^" 1 ) : R + . By the induction hypothesis, we can write I t : R N ~ l = 
(f t ,vi, ...,v r ) with deg(vi) > 5 t - (N - 2)f3 for all i. If v e (I t : 
R+) \It '■ R+i then we have vyj = a,\V\ + . . . + a r v r (mod I t ) for some 
1 < j < s, where a>i G R can be assumed homogeneous and not all zero. 
Thus, deg(f ) + &eg(y,j) > deg(wj) for some i, and the desired inclusion 
follows. 

For the other inclusion in the standard graded case: if x G R>s t -w-i), 
then for all y G R + we have xy G R>s t -(N-2) ^ It '■ (R+) N ^ by the 
induction hypothesis. □ 

Theorem 4.3. Let R be a Gorenstein finitely generated graded algebra 
over a field of positive characteristic. Assume that the Krull dimension 
d of R is at least 2. Let a be a homogeneous ideal which is primary to 
R + . Then r(a) = T a . 

Note 4.4. The statement of the theorem is not true if the Krull di- 
mension is d = 1, since then we can take a = (/) to be a principal ideal, 
and we have a I* = I* and I* a — I* : / for every ideal I. It follows that 
T a = r, and r(a) = fW = ('* = /)) = fW : U = rf)) = RiV^f) = 
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rf, where the intersection is taken over all parameter ideals 7 (see 
Lemma 14.11) . 

Proof. Fix c G R° a homogeneous element such that for all ideals 7 C R 
we have x G I* a =>■ cx q a q C 7^. Such a c is called a test element for 
o-tight closure, and the existence of such an element is guaranteed by 
Theorem 1.7 in [HYj . Fix k > I integers such that R k CaC R l . 

Due to Lemma H~Tl it is enough to prove that I* a = a 7 4 * for all t ^> 0. 
Since both 7 t * a and a 7 t * are homogeneous ideals, Proposition 12.91 implies 
that it is enough to show that x G 7*° =>■ deg(x) > k/3 — 1(3' + ta when 
t > 0. 

Since R k + C a, we have x G 7* a cR kq x q C J t M . Thus, it follows 
that cx 9 G 7 t? : i??- 

Applying Lemma T4.21 we see that x G /*° implies that for all q = p e 
we have either cx q G l\ , or else deg(c) + qdeg(x) > d(tq — l)at + 5 — 
(fcg-l)/5. If ex 9 G 4 9] for all q = p e > 0, then a; G 7* C °7*. Otherwise, 
it follows that deg(x) > dta — k(3. Since d > 1, when we choose £ 3> 
we have <ita — k/3 > ta + k/3 — 1(3', and thus Proposition 12.91 can be 
applied to show that x G a 7 t *. □ 

We end this section with explicit an computation of test ideals for 
a = R r , when R is a Gorenstein graded ring. We note that our re- 
sult is similar to that in Proposition 5.8 in [HYj . but under different 
assumptions. 

Proposition 4.5. Let R be a standard graded Gorenstein algebra over 
a field. With notations as above, we have 

I* R '+ = I* + i t : i^+i+W 
for allr>0. Thus, r(R r + ) = t(R) n . 

In particular, if R is F-rational, we have t(R) = R, and thus t{R t + ) = 
i?" +1+ L r J. This also follows from Proposition 5.8 in [HYj . where R is 
not necessarily graded (instead, F-rationality of the Rees ring R[R + t] 
is required). 

Also, the results of |HSj and [HI] imply that when R is obtained 
from a characteristic zero ring by reduction to positive characteristic 
p > 0, we have t(R) = R a + +1 , and thus t(R t + ) = R a + 1+ l r i also holds. 

*R r r , 

Proof. Let x G I t be a homogeneous element, so that cx q R^' q \ C 
7 t = It q for some homogeneous c G 72°. Then ex 9 G 7 tg : 7^J r,? l = 
I tq + R>s tq -\ rq ]+i be Lemma [4721 Thus we either have cx q G 7] 9 ' for 
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all q 0, in which case x G or else we have deg(c) + gdeg(x) > 
5 tq — \rq] + 1 = qS t — (q — l)a — \rq] + 1 for infinitely many values 
of q = p e . Dividing each side by q and taking the limits when q — > oo 
yields deg(x) > 5 t — a — r, and since deg(x) is an integer, this means 
deg(x) > 5 t — a — [r\. For every homogeneous element y G -R a+ i + |_ r j, 

*R r 

we have xy G R>s t+ i C I t . This proves I t + C /* + I t : i?^+ 1+ L ? 'J . 

Conversely, consider x E I t : = J t + i?> (5t _ a _^j. If a; G it, 

there is nothing to prove. Otherwise, we have deg(x 9 ) > q5 t — aq — 
[r\q > q5 t — aq — \rq]. Choosing c G R> a +i yields deg(cx q ) > S tq — 

\rq] + l, so that cx q R^ C R> Stq+ i C /J ff] , and thus ac G J t * H+ . We note 
that this inclusion can also be obtained as a Corollary of Theorem 2.7 
in [HY]. □ 

5. Jumping numbers 

The results of this section address the following question: 

Question. Given ideals a,IcR, and a fixed to > 0, does there exist 
an e > such that I* a * = 1*°*°, and °7* = at °J* for all t G [t ,t + e]? 

This question is somewhat related to the notion of jumping numbers 
for test ideals. The jumping numbers are defined to be the positive real 
numbers c such that r(a c ) ^ r(a c_e ) for any e > (a similar notion 
for multiplier ideals has been introduced in [ELSVj ). These have been 
studied extensively in recent research ( |MTWj . |BMS] ). In our context, 
if for a given t an e can be found that does not depend on the ideal 
J, it follows that there are no jumping numbers between i an d t + e. 
We give positive answers to our question in several particular cases. A 
positive answer implies that for a given /, J*° and a I* are constant on 
intervals of the form [t ,ti). We will call t\ a jumping number for the 
ideal I if P at ° = I* a± for all t G [*„, h) for some t < *i, but I* aH) = I* ' 1 
(or <P = at I* but at °I* ^ atl P). 

The following observation shows that it will be enough to check only 
one inclusion in order to answer the above question in the affirmative. 

Observation 5.1. Let I, a C R be fixed ideals, and < t < if real 
numbers. Then J* a ' C I* *' , and a 7* C a '' I* . 

However, note that it is not always true that a C b =>• b I* C "I* , 
while the corresponding statement is trivially true for the Kara- Yoshida 
version. 

Proof. The statement for the Hara- Yoshida version is trivial, since 
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Consider x £ a 7*, so that cx 9 a^ C a^/^. Multiplying each side 
by arbitrary elements in a^'el-r*?! yields the desired conclusion. 

For the claim in the last paragraph, take for example a = (/), with 
/ £ (b) := (x,y) 2 , I = (x 2 ,y 2 ), in the ring R = k[x,y]. Then b I* = 
(x 2 , y 2 , xy), while °I* = I. □ 

Proposition 5.2. Assume that (R,m) is local, and a, I arem-primary 
ideal. Then for every to > 0, there exists e > such that a I* = a0 J* 
for all t £ [£q,*o + e]. 

Proof. First note that for each x a ' /*, there exists e > such that 
x £ a f o+ c j* This follows from Theorem 13.91 and Proposition 13.111 
applied to the ideals I and J = (I, x). 

Construct a sequence t\ > t 2 > ■ ■ ■ t n . . . > t recursively as follows: 
Choose Xi £ o0 j* ; anc l let t x > t such that X\ al I* (the existence 
of such a t\ is guaranteed by the previous claim). If t\, . . . ,tk have 
been constructed, then we either have a0 J* = afc j* ; j n which case the 
proof is complete (take e — tj- — to), or else we can choose an Xk+i £ 
ofcj* and, by the previous claim, there exists t' k+1 > t such that 

Xk+i ak+1 j* (note that we must have t k > t k+ i by Observation 15. ip . 
Thus, we have a chain of ideals ° t( 7* C ..."'7* C ... C ° i2 ? C atl I*. 
Note that the construction of t k shows that the inclusions are strict 
unless the recursive process stops. This contradicts the fact that a '° I* 
is m-primary. □ 

The next result deals with the case when o = (/) is a principal ideal, 
with / £ R°. Note that in this case we only need to consider the Hara- 
Yoshida version, since a I* = I* for all t. It turns out that a positive 
answer to the question considered here is related to the existence of 
test exponents. We review the definition. 

Definition 5.3. Let / C R be an ideal, and c £ R° a test element for 
the usual tight closure. We say that qo = p e ° is a test exponent for the 
pair (/, c) if cx q £ for any one choice of q > qo implies x £ I*. 

Test exponents were introduced in [HH2J, where it is shown that 
their existence is closely related to the localization problem for tight 
closure. 

Lemma 5.4. Assume a = (/) is a principal ideal, with f £ R°. 
Assume that R has test elements for the usual tight closure. Then 
x £ I* ai <£> x q f tq \ £ (JM)* for all q. 

In particular, if there exists q\ such that tq\ £ Z, then x £ I* a <^ 
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Proof. Note that the following inequalities hold for all q: 
\tq] - l<tq< \tq] < tq + 1. 

It follows that 

Qi\t<l2] -qi< \tq1q2] < qi\tq2] + 1- 

Assume that x G J* a *, and let q = q\q2- Then there exists c G R° such 
that cx qiq2 /r*w»l g J [9l92] , which implies c fx qiq2 f tq2 ^ qi G J [9l92] . Since 
c/ G this shows that x 92 f tq ^ G (/[«])* for all g 2 . 

Conversely, assume that x 92 f tq2 ^ G (7 fe] )*for some 52, and let c G _R° 
be a test element for the usual tight closure. Then ex 91 * 2 /'"* 92 "' 91 G ft 9192 !, 
which implies cx qiq2 f^ tqiq2 ~^ +qi G l' 9192 ] for all gi. Fix qi and allow g 2 to 
vary cf qi x q f^ G J [9] for all q > 0. Since c/ 91 G this shows that 
xel* a \ □ 

Proposition 5.5. Let a = (f) with f G R° , I C R an arbitrary ideal, 
and to > 0. Assume that there exists q\ such that toqi is an integer, 
and assume that c G R° is a test element for the closure such that there 
exists a test exponent q for the ideal and the test element cf qi . 
Then we have P a ' = 1*°*° for all t G [t ,t + l/q }. 

Proof Let t = t H . Let q = qiq so that tq = t q + q\ is an integer. 

q °t 

Assume that x G P a ; by Lemma 15.41 this implies that x q f toq f qi G 
/M)*. Since c is a test element, we have c f qi (x qi f toqi ) qo G (jl^M. 
Since go is a test exponent, this implies x qi f toqi G (/' 91 ')*, and thus 
x G P at ° by Lemma EH □ 

Corollary 5.6. If (R, m) «s a regular local ring, a = (/) is a principal 
ideal, and to > is such that toqi G Z /or some gi = p ei ,and go «s stzc/i 
£/m£ f qi $l m™ , then there are no jumping numbers for the test ideals 
r(a*) in the interval [t ,t + 1/go]- 

Proof. Since I* — I for every ideal 7, we can take c = 1, and note that 
a g with the property that f qi ^ is a test exponent for (i^ 91 ', f qi ) 
for any ideal 7. Indeed, if x £ I [qi] and / 9l x 90 G J [9l9o] f qi G J [9l9o] : 
x 90 = (J' 91 ] : x)' 9 °l C m^, contradicting the choice of q . □ 

Note that if t = 0, then the converse of Proposition 15.51 holds, in 
the sense that a positive answer to the question discussed here implies 
existence of test exponents for the usual tight closure. Recall that 
j*a° _ j*r _ j* j g usual tight closure. 



Proposition 5.7. Let a = (/) with f G R° a test element for tight 
closure, I C R an arbitrary ideal. 
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Assume that go = P e ° is such that I* a = I*. Then go is a test 
exponent for the pair (J, f). 

Proof. Let x E R be such that fx qi E l' 91 ' for some gi > go- Then for 
all g > gi we have f q ' qi x q E I [q \ and therefore f q / q °x q G which 
shows that x E I* al/qo = I* by assumption. □ 

In the next result, I and a are arbitrary ideals, but we restrict at- 
tention to t = 0. 

Proposition 5.8. Assume that (R,xn) is an excellent analytically ir- 
reducible local domain. Let I, a C R be ideals. Let x I*. Then there 
exists go = p e ° such that x J* al/qa . 

Note that our result is not quite sufficient to give an affirmative 
answer to the question raised in the beginning of the section for this 
case, since go is allowed to depend on x. 

Proof. By Proposition 2.4 in |Abj . there exists gi such that 1^ : x q C 
roJg/gi] f or a u q > q x . Assume by contradiction that x E al/q ° I* for every 
g . This means that cx q a q/qo C I [q] for all g > 0, so that ca q/qo C /M : 
x q C m [q/qi] . Let 

Q — %QiQ- Then we obtain ca qiQ C xrv- qo ®\ which 
implies a qi C (m^)*. Since q 1 is fixed, this is false for g 3> 0. □ 

At the other end of the spectrum, we ask the following question. 

Question. If J, a are fixed ideals, and is such that aN I* = aN I* for 
all N' > N (note that such an A^ exists by the Noetherian property) 
describe a I*. 

We will use a °°/* to denote aN I* when A^ is as above. Note that a 
similar definition for the Hara-Yoshida version of a-tight closure would 
yield the whole ring when I is an m-primary ideal, since for iV>0we 
have a N C /, and a^ Nq ^ k ~^ C j™, where k is the number of generators 
of a. When a = (/) is a principal ideal with / a non-zerodivisor, we 
have n °°/* = I* for every ideal I. 

We always have a °° I* C I. Observation 12.101 implies that when R 
is standard graded, a = R r for some r > 0, and / is homogeneous 

with all generators of the same degree, we have * a °° I* = I. However, 
Example 12.111 shows that for R = k[x, y], I = (x 2 ,y 4 ), and o = (x,y) 
we have a °°J* ^ J. In fact in this example it is easy to check that 
°°j* _ X y3y More generally, we note the following: 

Proposition 5.9. Let R be a two-dimensional standard graded normal 
domain, let I = (fi, f%) be a homogeneous parameter ideal. Let d = 
max(deg(/i),deg(/ 2 )). Then R + I* = I + R> d . 
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Proof. Say that d = deg(/i). 

Let x G + /*, so x G +/* for some n. Assume that deg(x) < d. 
For some homogeneous c G R°, and for all y among a minimal set of 
generators of i?™ 9 we have cx q y = a±ff + a 2 f 2 with 01,02 G -R™ 9 . If 
deg(x) < d, it follows by comparing degrees thatcx q y = a 2 /|, so that 
Cj R™% 9 C R n + q fl But this implies that x G (^) = (/ 2 ). 

Conversely, assume that deg(x) > d. For n>0we have x G , 
so that there exists c G R° such that for all y G i?™ 9 , cx 9 y = a 1 ff + a 2 f2 
with ai, a 2 G -R. Comparing degrees, we see that a 1: a 2 G R™ q . □ 
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